While the wake of a circular cylinder and, to a lesser extent, the normal flat plate have been studied in considerable detail, the wakes of elliptic cylinders have not received similar attention. However, the wakes from the first two bodies have considerably different characteristics, in terms of three-dimensional transition modes, and near-and far-wake structure. This paper focuses on elliptic cylinders, which span these two disparate cases. The Strouhal number and drag coefficient variations with Reynolds number are documented for the two-dimensional shedding regime. There are considerable differences from the standard circular cylinder curve. The different three-dimensional transition modes are also examined using Floquet stability analysis based on computed two-dimensional periodic base flows. As the cylinder aspect ratio (major to minor axis) is decreased, mode A is no longer unstable for aspect ratios below 0.25, as the wake deviates further from the standard Bénard-von Kármán state. For still smaller aspect ratios, another three-dimensional quasi-periodic mode becomes unstable, leading to a different transition scenario. Interestingly, for the 0.25 aspect ratio case, mode A restabilises above a Reynolds number of approximately 125, allowing the wake to return to a two-dimensional state, at least in the near wake. For the flat plate, three-dimensional simulations show that the shift in the Strouhal number from the two-dimensional value is gradual with Reynolds number, unlike the situation for the circular cylinder wake once mode A shedding develops. Dynamic mode decomposition is used to characterise the spatially evolving character of the wake as it undergoes transition from the primary Bénard-von Kármán-like near wake into a two-layered wake, through to a secondary Bénard-von Kármán-like wake further downstream, which in turn develops an even longer wavelength unsteadiness. It is also used to examine the differences in the two-and three-dimensional near-wake state, showing the increasing distortion of the two-dimensional rollers as the Reynolds number is increased.
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Introduction
The circular cylinder has formed the basis of a large body of fundamental research on bluff body wakes for over a century starting with the works of Strouhal (1878) , Bénard (1908) , Kármán (1911) and numerous studies since (e.g. Roshko 1954; Taneda 1959; Norberg 1987; Monkewitz 1988; Williamson 1988; Eisenlohr & Eckelmann 1989; Strykowski & Sreenivasan 1990; Albarede & Monkewitz 1992; Dusek, Le Gal & Fraunie 1994; Zhang et al. 1995; Barkley & Henderson 1996; Thompson, Hourigan & Sheridan 1996; Williamson 1996a,b; Henderson 1997; Thompson, Leweke & Williamson 2001; Kumar & Mittal 2006; Behara & Mittal 2010; Kumar & Mittal 2012, and many, many, others) . This can be attributed to a number of factors including its symmetry, relevance to industry applications such as oil rig risers, chimneys, transmission wires, amongst other things and perhaps even the intrinsic aesthetic beauty of the laminar wake. Of interest to the current paper, the near-and far-wake states have been explored and documented, as have the three-dimensional transitions that lead to a turbulent wake as the Reynolds number is increased.
On the other hand, there has been much less research on the wakes of other slightly less symmetrical bodies such as elliptic cylinders, with this body shape mainly investigated for very low (Shintani, Umemura & Takano 1983) or high Reynolds numbers (Modi & Wiland 1970; Modi & Dikshit 1975; Ota, Nishiyama & Taoka 1987) , and even then mostly for non-zero angles of attack.
An investigation by Modi & Dikshit (1975) examined the vortex spacing and arrangement in the wake of elliptic cylinders for eccentricities in the range 0.44 0.98 for Re = 68 000. It was found that a lower eccentricity leads to rapid changes in the longitudinal and lateral vortex spacing in the wake away from the circular cylinder case. Also focusing on the high-Reynolds-number case, Ota et al. (1987) examined the wakes of elliptic cylinders in the range 35 000 Re 125 000 in terms of the universal Strouhal number introduced by Roshko (1954) , based on wake width and shear-layer velocity, showing that this Strouhal number was insensitive to angle of attack.
At lower Reynolds numbers, Jackson (1987) used two-dimensional finite-element simulations and stability analysis to determine the critical Reynolds numbers for the initial steady-to-unsteady transition. This was done for a range of body shapes including elliptic cylinders. The critical Reynolds number of a circular cylinder was determined as 45.4, while for a flat plate it reduces to 27.8. More recent estimates for a circular cylinder determine the value as 47.3 (Kumar & Mittal 2006 ) using a blockage of just 0.5 %, while Saha (2013) estimated the value for a 7 % deep flat plate as 32.45, although the blockage was much higher at 5 %.
Johnson, Thompson & Hourigan (2004) examined the near-to-far-wake twodimensional transitions for elliptic cylinders of various aspect ratios for 75 Re 175. For certain Reynolds number/aspect ratio ranges, there was a transition from the near-wake shedding frequency to a non-commensurate far-wake frequency. The far wake resembled the standard Bénard-von Kármán (BvK) wake but was formed from an instability of the time-mean near wake, which had transformed into a two-layered structure. The secondary shedding could occur either far downstream after the individual near-wake vortices had diffused and merged so that they were not identifiable, or prior to this, when they were clearly distinguishable. In either case, the ratio of the near-and far-wake frequencies was not a simple ratio, and so the secondary wake was not primarily due to merging of primary vortices. At even smaller aspect ratios and higher Reynolds number, the secondary wake developed a characteristic waviness, and even vortex merging in the secondary wake could 572 M. C. Thompson, A. Radi, A. Rao, J. Sheridan and K. Hourigan be observed. These observations are broadly in line with the behaviour of circular cylinder wakes investigated by Cimbala, Nagib & Roshko (1988) , Williamson & Prasad (1993) and Kumar & Mittal (2012) , although for the circular cylinder, the transition occurs at higher Reynolds numbers and far downstream. In any case, the introduction of eccentricity to the otherwise circular cylinder leads to a whole range of wake states not observed in the rotationally symmetric case. More recently, Aleksyuk, Shkadova & Shkadov (2012) examined a small-aspect-ratio elliptic cylinder, again showing the development of the secondary wake within 40 diameters for Re = 100.
The normal flat plate can be considered to be an elliptic cylinder with zero aspect ratio. Owing to its simplicity and rotational symmetry, it has been studied more than elliptic cylinders, with perhaps the first extensive study by Fage & Johansen (1927) , who determined the vortex spacing in the wake. Even for small Reynolds number of the order of 100, the near wake undergoes a rapid downstream transition to a two-layered wake with two lines of like-signed vortices offset on each side of the centreline. However, less knowledge exists on the nature of this wake in general. Najjar & Balachandar (1998) used three-dimensional simulations to examine the wake state at Re = 250. The three-dimensionality was observed to have a spanwise wavelength of 1.2 plate widths, perhaps reminiscent of mode B for a circular cylinder. The three-dimensional transitions were examined by Thompson et al. (2006b) using Floquet stability analysis. They showed that an initial quasi-periodic transition occurred at Reynolds numbers slightly above Re = 100. This mode has a wavelength of approximately five diameters. At slightly higher Reynolds numbers, a second three-dimensional mode became unstable with a much shorter wavelength. That mode was periodic with the two-dimensional base flow. This second mode appears to have been observed in the wake of inclined plates up to Re = 350 by Yang et al. (2012) .
As discussed above for elliptic cylinders, a secondary vortex street develops downstream of the primary vortex street (Taneda 1959; Johnson et al. 2004; Saha 2007 Saha , 2013 , which has been attributed to a hydrodynamic instability of the mean wake. Apart from viscous diffusion, the geometric arrangement of the vortices in the vortex street determines whether it is predominately stable or whether it breaks down into parallel shear flow. A critical value was derived by Durgin & Karlsson (1971) as h/a = 0.365, where h is the cross-wake spacing between positive and negative wake vortices and a is the separation between vortices of the same sign. Above this critical value, the vortices stretch out and align with the downstream direction leading to a parallel shear flow. In turn, this mean shear flow can become unstable forming a secondary vortex street. Karasudani & Funakoshi (1994) examined this process further using a point vortex method to examine the evolution of an idealised street for vortex spacings of 0.31 and 0.41. For h/a = 0.31, the initial vortices remain isolated, while for h/a = 0.41 the vortices rotate to align with their major axis in the streamwise direction and stretch and diffuse until they form a nearly parallel shear flow.
The aim of this study is to examine a variety of aspects of the wakes of elliptic cylinders, including the circular cylinder and the flat plate as the two extreme cases. This includes characterising the initial transition to periodic flow, the near-and far-wake transitions, transition to a three-dimensional wake state, Strouhal number and drag coefficient variations with Reynolds number, the saturated three-dimensional mode states for the flat plate, and using dynamic mode decomposition (DMD) to characterise some of the complex wake states. Most of the analysis is based on two-dimensional simulations and linear or Floquet stability analysis based on these two-dimensional simulations; however, a few full three-dimensional simulations are used to explore special cases. The study proceeds by describing the problem and The elliptic cylinders considered in this study include the special cases of the circular cylinder with aspect ratio unity and the normal flat plate which corresponds to a zero-aspect-ratio cylinder.
numerical approaches before examining the results of two-and three-dimensional simulations. Some results from a parallel experimental program (Radi et al. 2013) , which is not the focus of the current paper, are included for direct comparisons. Mostly, the analysis and interpretations are framed in terms of known results for the circular cylinder and, to a lesser extent, the normal flat plate.
Numerical approach
2.1. Problem definition The current paper addresses the flow past two-dimensional elliptic cylinders with the major axis placed normal to the flow direction, as shown in figure 1. The aspect ratio is defined by the ratio of the semi-minor (b) to semi-major (a) axis length, i.e. Ar = b/a, and for convenience for comparisons with the circular cylinder, it is useful to define 2a = D, the diameter of the circular cylinder. Thus, Ar = 0 corresponds to a flat plate placed normal to the flow and Ar = 1 corresponds to a circular cylinder. The Reynolds number is based on the major axis length, i.e. Re = U(2a)/ν, where U is the oncoming uniform flow speed and ν is the kinematic viscosity. This paper concentrates on the two-and three-dimensional wake transitions as the aspect ratio changes. There is a parallel experimental program that used flow visualisation and particle image velocimetry to examine these flows, the results of which will appear elsewhere (Radi et al. 2013) ; however, limited experimental comparisons will be given with the numerical results that form the basis of this paper.
Numerical method
The flow is solved numerically using a two-dimensional spectral-element method, which has been validated in many previous related studies (e.g. Thompson et al. 1996 Thompson et al. , 2006a Thompson, Leweke & Hourigan 2007; Griffith et al. 2008 Griffith et al. , 2010 Stewart et al. 2010; Leontini, Lo Jacono & Thompson 2013; Rao et al. 2013a) , and so will only be briefly described here. The computational domain is broken up into a macro-element mesh, with elements that can have curved sides. Each macro-element is internally subdivided into a n x × n y nodes, spaced according the Gauss-Legendre-Lobatto quadrature points and, within each element, the velocity components and pressure are represented by the tensor product of Lagrangrian interpolating polynomials. Importantly, the method has been shown to possess spectral spatial convergence as the polynomial order is increased. In the current implementation, a three-step fractional-step method (e.g. Chorin 1968; Karniadakis & Sherwin 2005 ) is used for the temporal discretisation, which is formally second-order accurate.
A few simulations were performed using a three-dimensional spectral/spectralelement code to investigate the three-dimensional saturated flow states for the normal flat plate. This parallel code is based on the two-dimensional spectral-element code, but uses a Galerkin Fourier expansion in the spanwise direction (e.g. see Karniadakis & Triantafyllou 1992; Thompson et al. 1996) .
The boundary conditions were specified as uniform flow (U, 0) at the inflow and side boundaries, which were positioned 50 major axis lengths from the cylinder, and constant pressure and zero normal velocity gradient at the outflow boundary. The cylinder surface was a no-slip boundary. At all boundaries except for outflow, a first-order normal pressure gradient condition was used as specified in Karniadakis, Israeli & Orszag (1991) . This enforces mass conservation at these boundaries and leads to overall second-order accurate velocity fields.
Stability analysis
Linear and Floquet stability analysis is used to determine the critical transitions as the Reynolds number is increased. This employs the Arnoldi method based on a Krylov subspace of evolved fields, as described by Mamun & Tuckerman (1995) and Barkley & Henderson (1996) , and has been utilised for a number of similar problems where more details can be found (Ryan, Thompson & Hourigan 2005; Leontini, Thompson & Hourigan 2007; Chaurasia & Thompson 2012; Rao et al. 2013b ).
2.4. DMD DMD is also used as part of the analysis. This employs a time sequence of fields, in this case velocity fields, to construct a spectral decomposition. This process gives a set of approximations to the Koopman modes, called Ritz vectors, with associated eigenvalues, called Ritz values. The Ritz vectors are a set of complex spatial modes which vary sinusoidally in time at frequencies specified by the argument of the complex eigenvalues. The modes may also grow or decay exponentially in time, according to the magnitude of the associated eigenvalue. The analysis is particularly useful to study behaviour controlled by multiple time scales or frequencies, in order to decouple the spatial behaviour of the different frequency components. Another important point, unlike a standard discrete Fourier transform taken at a point, is that it can extract accurate oscillation frequencies even with a relatively short sequence of fields on which to base the analysis. The approach used here follows closely that fully detailed in Rowley et al. (2009) and Schmid (2011) , so only a very brief outline is given here.
If x 0 , x 1 , . . . , x m represent a sequence of column vectors (e.g. the velocity fields) corresponding to times t 0 , t 0 + t, . . . , t 0 + (m − 1) t, then it is clear that subsequent fields can be related to previous fields through the matrix equation The right-hand side matrix is called the companion matrix, C, and, since all of the columns vectors x 0 , . . . , x m are known, the unknown terms α 1 , α 2 , . . . can be determined by solving an over-determined matrix equation using singular-value decomposition (SVD) or QR decomposition. Then the m eigenvalues (λ k ) and eigenvectors (z k ) of C can be used for a modal reconstruction of the original data set in the form
Here, the column vectors v k , called Ritz vectors, are just the column vectors of V = K Z, with Z the matrix formed from the column vectors z 0 , . . . , z m−1 . Note that both the Ritz vectors and values consist of complex conjugate pairs. Equation (2.2) just states that the field at any discrete time t k can be expressed as a modal expansion
If the sequence of fields is strictly periodic, so that x m = x 0 , then the expansion given in (2.3) is equivalent to a Fourier decomposition. figure 2 for an Ar = 0.25 aspect ratio cylinder. The computational domain extends between −50 x/D 280 in the streamwise direction and −50 y/d 50 in the cross-stream direction. This means blockage is restricted to 1 %. The long outflow length allows various two-dimensional wake transitions to occur for the smaller-aspect-ratio bodies. Note that resolution is maintained towards the outflow boundary to resolve the wake fully over the entire domain. For the production runs, each internal element is subdivided into 6 × 6 node points; increasing the internal resolution to 8 × 8 resulted in a change in the near-wake 
Mesh and domain considerations A typical mesh is shown in

Transition to unsteady flow
As for the circular cylinder, elliptic cylinders also undergo an initial Hopf bifurcation from a steady to periodic wake flow. This takes place at Reynolds numbers lower than for the circular cylinder, as was shown by Jackson (1987) . Table 1 shows the transition Reynolds numbers for the different aspect ratio elliptic cylinders considered. These were from simulations at subcritical Reynolds numbers starting from saved solutions at slightly supercritical Reynolds numbers. The flow was evolved until the oscillation amplitude was decaying purely exponentially, allowing the decay rates to be accurately determined. The critical values could then be determined very accurately by extrapolation to zero growth rate.
For a flat plate, Saha (2007) (Williamson 1996b, experimental) . For the numerical studies, the differences are mainly due to the different blockage ratios of the grid systems used. The result from Kumar & Mittal (2006) employed the lowest blockage ratio (0.5 %), and hence is the most accurate. (The blockage ratio for the current study is 1 %.) In addition, Kumar & Mittal (2006) gives the critical Strouhal number for the circular cylinder transition to be 0.1163, which was the value found in the current study to four significant figures. Hence, the results given in table 1 are in excellent agreement with previous studies.
Two-dimensional shedding
Aspects of the two-dimensional wake transitions have been considered by a number of authors, both experimentally and numerically: Cimbala (1984) , Cimbala et al. (1988) , Williamson & Prasad (1993) , Johnson et al. (2004) and Saha (2013) , although mainly for a circular cylinder. Johnson et al. (2004) examined the transitions using Fourier analysis of time sequences at points along the centreline. That work is extended in this paper. Figures 3 and 4 show the asymptotic wake behaviour in terms of wake vorticity patterns as the aspect ratio and the Reynolds number are varied. For the circular cylinder at Re = 100, the near wake is the standard aligned BvK street, which further downstream develops into a two-layered wake, with clockwise vortices forming a line offset from the anticlockwise vortices below. Yet further downstream, the clockwise and anticlockwise vortices diffuse and cross-annihilate, leaving a FIGURE 3. (Colour online) Asymptotic wake states for different aspect ratios as the Reynolds number is varied using the vorticity field to highlight the structure: (a) Re = 50; (b) Re = 100. The aspect ratios are displayed on the plots. The first 250 diameters of the wake are shown. The flow is from left to right. Blue (darker grey) and red (lighter grey) denote positive and negative vorticity, respectively. mean wake structure without identifiable individual vortices. Increasing the Reynolds number further to Re = 200 means that this evolved mean wake persists much further downstream due to the reduced viscous damping. There is no sign of a secondary wake, despite its appearance in other numerical studies (Kumar & Mittal 2012) ; the higher accuracy of the spectral-element method presumably leads to less numerical noise to trigger the convective instability. The two-layer wake that develops from the near wake has a reduced streamwise wavelength. For the next smaller aspect ratio two-layered street occurs within the first two diameters of the cylinder, and the stationary wake profile does not form at all. Instead, the identifiable vortices in the two-layer wake interact at approximately 20D downstream to form a much longer wavelength secondary vortex street, which itself oscillates spatially with an even longer wavelength. As the aspect ratio is reduced still further, the far wake becomes increasingly complex and chaotic. For Ar = 0.1 and Re = 200, vortex pairs form as part of the far wake and self-propel away from the centreline. The normal flat plate wakes, not shown, are similar to the Ar = 0.1 wakes. Part of the reason for the different behaviour can be attributed to the increasing vorticity flux feeding into the wake for the smaller-aspect-ratio cases, as the flow has a higher speed as it passes over the top of the cylinder. This is quantified in figure 5 , which gives the circulation entering the wake each shedding cycle as the flow separates near the top of the cylinder, and feeds the vorticity generated at the front of the cylinder into the wake. This circulation is given by
(3.1) (Note that non-dimensional variables are used.) Clearly, the circulation convecting into the wake is considerably higher for the flat plate compared with that for a circular cylinder. At Re = 200, the difference is almost a factor of two. The correspondingly larger circulation per wake vortex has a significant effect on both the near-and farwake dynamics as is demonstrated in figures 3 and 4.
3.3. Temporal evolution of the wake for small aspect ratio Figure 6 shows the development of the wake through the transient stage for the Ar = 0.25 cylinder at Re = 150. The initial evolution is similar to that for a circular cylinder, i.e. the development of a long recirculation zone at the rear of the cylinder which becomes unstable and starts to shed vortices. The initial wake then resembles the 580 M. C. Thompson, A. Radi, A. Rao, J. Sheridan and K. Hourigan standard aligned BvK vortex street. However, after this stage the development deviates. A few diameters downstream of the cylinder, the vortices begin to bunch up, showing the beginnings of a two-layered wake. This is shown in the third image of figure 6, corresponding to a non-dimensional time of 150 units or approximately 50 units after the attached recirculation bubble begins to develop asymmetries. After another 25 time units, the two-layered wake structure is clearly apparent with the secondary wake further downstream formed from merging of those individual two-layer vortices. After a much longer time, the downstream extent of the two-layered wake has increased and the secondary wake structure has become more regular.
Transition to a parallel shear flow
The work of Durgin & Karlsson (1971) , Tsuboi & Oshima (1985) and Karasudani & Funakoshi (1994) investigated the stability of the geometrical arrangement of vortices in a wake showing that when the spacing ratio h/a was greater than 0.365, the vortices would rotate to align with the streamwise direction, and stretch out and diffuse resulting in a near-parallel shear flow. If it forms, this near-stationary wake would be convectively unstable and could form a new secondary vortex street with a longer wavelength and lower Strouhal number. Figure 7 plots the variation of the spacing ratio with downstream distance for a number of different aspect ratio elliptic cylinders and Reynolds numbers. Each of these wakes exceed the theoretical transition criterion at some point downstream. The smaller-aspect-ratio ellipses exceed it earlier and by a larger margin. This is consistent with the observed wakes in figures 3 and 4. The images on the right of figure 7 show that the first 50 diameters of the wakes for the cases examined, with the position where the spacing ratio is equal to 0.365 marked with dashed lines. Clearly the stability criterion appears broadly correct, although it may be some distance downstream before the parallel shear flow develops. For the Ar = 0.25, Re = 150 case, the secondary wake develops well before this happens, with the secondary vortices forming from direct merging of a non-integer number of identifiable primary vortices.
3.5. Variation of mean centreline wake velocity For a circular cylinder, the variation of the centreline velocity with downstream distance has been determined experimentally by Cimbala (1984) , Cimbala et al. (1988) and Williamson & Prasad (1993) . In the two-dimensional shedding regime at Re = 150, the velocity deficit measured by these authors is shown in figure 8(a) , together with predictions from the current simulations. In general, the numerical predictions of this deficit are approximately 10 % higher than the results of Williamson & Prasad (1993) and approximately 5 % above those of Cimbala (1984) , but with the overall shape of the distribution predicted very well. Notably, the results from Williamson & Prasad (1993) do not show the small bump in the distribution approximately 10D downstream. This small bump seems to corresponds to the transition of a spaced-out BvK vortex street to a more bunched-up street with more diffused vortices, which occurs at approximately x/D = 10, as shown in figure 9(a). Matching contours of period-averaged horizontal velocity component are shown in figure 9(b) , showing the effect is relatively subtle on this view. Both images show the wake to 50D downstream. The transition to a two-layered wake structure further downstream at approximately x/D = 45 corresponds to the main peak in the velocity deficit shown in figure 8(a) .
From figure 3 , it is clear that even at Re = 200 (slightly above the Reynolds number of three-dimensional transition), the secondary wake sets in a long way downstream (x/D > 200) for the circular cylinder. In fact, for the current simulations, there is no sign of this development in the vorticity plots. However, power spectra at different distances downstream show that the secondary shedding frequency begins to become detectable at x/D 200, and even then the far-wake spectral peak at St = 0.0723 is still more than two orders of magnitude below the BvK peak at x/D = 250 (figure 8b). As indicated above, Kumar & Mittal (2012) examined this case through numerical simulations recently. They found the far-wake spectral peak began to dominate the BvK peak for x/D 150. They also found that reducing the time step also reduced the numerical error, which in turn reduced the far-wake spectral peak and increased the downstream position for effective onset. On the other hand, upstream noise in experiments generally causes onset even earlier. For instance, Vorobieff, Georgiev & Ingber (2002) using a flowing soap film, found the onset of the secondary wake to occur at x/D 80. The centreline velocity profiles for other aspect ratios are shown in figure 10. These show substantially different behaviour as the Reynolds number is varied, in line with the image sets shown in figures 3 and 4. A decrease in aspect ratio is clearly associated with an increase in the wake deficit on the centreline. For example, for Ar = 0.5 at Re = 150, there is a region where the centreline velocity is less than 10 % of the free stream for 5 x/D 20, corresponding to where the wake has a two-layered structure. This is apart from the near-wake mean recirculation zone at the start of the wake. As the body is deformed towards a flat plate, this effect is amplified, as recently shown by Saha (2013) . For an elliptical cylinder with Ar = 0.25, the centreline mean wake velocity is almost zero between 3 x/D 20 for Re = 150. This case is interesting, as it will be shown later, in that the wake is still two-dimensional at this and higher Reynolds numbers for this aspect ratio. 3.6. Strouhal-Reynolds number variation The Strouhal-Reynolds number variation for a circular cylinder has been documented by a number of authors, e.g. Roshko (1954) , Barkley & Henderson (1996) and Williamson (1996a) , with Williamson (1996b) citing a more complete list. Figure 11 shows the St-Re variations obtained from two-dimensional simulations for the set of elliptical cylinders studied. The curve for Ar = 0.75 is only slightly shifted from the circular cylinder curve. The lower-aspect-ratio curves show distinctly different behaviour, reaching a maximum Strouhal number at increasingly smaller Reynolds numbers as the aspect ratio is reduced. For low Reynolds numbers (Re 60), the curves appear to approach an envelope curve as the aspect ratio is reduced. Figure 12 shows a comparison of the numerically predicted Strouhal/Reynolds number variations against those obtained from experiments (Radi et al. 2013) . The four aspect ratio pairs shown do not match perfectly, nevertheless they are relatively close. (The cylinders used in the experiments were designed to have the same aspect ratios; however, the measured values of the manufactured cylinders were slightly different.) Also note that the Ar e = 0.07 aspect ratio cylinder is actually a sharp-edged rectangular cylinder with an aspect ratio of 7 %.
There are a number of things to note about these comparisons. For the circular cylinder, the numerical and experimental curves match to better than 1 % up to Re 177, at which point the experimental flow becomes three-dimensional as the flow undergoes mode A transition. During this hysteretic transition, the Strouhal number drops considerably, consistent with other experiments (e.g. Williamson 1996a). On decreasing Reynolds number, the transition from three-dimensional flow back to two-dimensional flow occurs at Re 169. For the next-lowest aspect ratio pair, (Ar n , Ar e ) = (0.75, 0.72), the three-dimensional transition occurs at a considerably lower Reynolds number, and the hysteric range is much smaller: 130 Re 132. As for the circular cylinder, the experimental and numerical Strouhal number curves are still very close in the two-dimensional shedding regime. For the third aspect ratio pair, (Ar n , Ar e ) = (0.25, 0.26), perhaps surprisingly, the curves match better at the higher Reynolds number range 120 Re 200, and deviate at lower Reynolds numbers. The final aspect ratio pair, (Ar n , Ar e ) = (0.10, 0.07), shows good agreement between the Low-Reynolds-number wakes of elliptical cylinders Henderson (1995) for the circular cylinder. The discrepancy is probably due to slightly higher blockage of the Henderson (1995) results, although the blockage was not stated in that paper. The asterisks correspond to a 7 % width flat plate with 5 % blockage (Saha 2013) . The current blockage ratio is 1 %. predictions and the measurements for 100 Re 170, beyond which the two curves begin to move apart.
3.7. Drag-Reynolds number variation The variation of drag coefficient with Reynolds number is given in figure 13 for aspect ratios: 0, 0.25, 0.5 and 1. The benchmark results of Henderson (1995) are overlaid for the circular cylinder, showing a match up of better than 2 % over most of the range. The discrepancy is most likely due to a slightly higher blockage ratio for the previous results, although the blockage is not given in Henderson (1995) . In addition, some results from Saha (2013) are provided for the flat plate. For those, the blockage was 5 %, and the flat plate had 7 % thickness, so it is not surprising there is a greater difference in the predictions for this geometry. The lower-aspect-ratio cases show higher drag and also more complex variation with Reynolds number.
Three-dimensional transition
Similar to the study of Barkley & Henderson (1996) , Floquet analysis was used to determine the initial three-dimensional transitions. The critical Reynolds numbers for (the equivalent of) the mode A transition is given in table 2.
The critical Reynolds number decreases significantly with aspect ratio, dropping from Re c,A = 190.3 to 88.2 as the aspect ratio is reduced from Ar = 1 to 0.25. The critical Reynolds numbers from experiments are somewhat lower than the numerical results: Re c,A = 177 against 190.3 for Ar = 1.0, and 132 against 148.6 for Ar = 0.72 (0.75). Barkley & Henderson (1996) found Re c,A = 188.5 ± 1 also using Floquet analysis, which is close to the value found here, again with the difference likely to be due to slightly different blockage ratios. The lower critical Reynolds numbers from the experiments are consistent with other results for a circular cylinder, where 586 M. C. Thompson background perturbations and end effects can lead to similar early transition (e.g. Williamson 1988 Williamson , 1989 , although Miller & Williamson (1994) found the transition could be delayed beyond Re c,A = 200 using contaminating end conditions. The preferred wavelength at transition λ c,A only varies weakly over this aspect ratio range, increasing, although not quite monotonically, from 3.98 to 5.34. Interestingly, mode A remains subcritical for the two smallest aspect ratios. For Ar = 0.1, the Floquet multiplier attains a value of µ 1 at (Re, λ) = (85, 6.0), indicating neutral stability, but decreases at higher Reynolds numbers. Hence, if it is unstable at all, it is only marginally unstable and, if so, for only a narrow range of Reynolds numbers before it restabilises.
Evidence that the initial transition is effectively equivalent to the same instability mode as mode A, previously identified for a circular cylinder wake, is shown in figure 14 . This shows the streamwise perturbation vorticity field near onset for aspect ratios Ar = 1.0, 0.75, 0.50 and 0.25. Clearly, in the near-wake the mode structure is retained, as the aspect ratio (and Reynolds number) varies considerably. For the smaller-aspect-ratio cases, the wake, shown by the thin black lines, undergoes a rapid transition to a two-layered wake structure, as can be seen towards the downstream end of the images. For still smaller aspect ratios (Ar = 0.1 or 0), the wake does not experience the mode A transition, possibly because the two-layered wake moves even further upstream, which presumably modifies the near wake sufficiently so that . mode A can no longer reach positive growth. These results were obtained using an outflow domain length of 20D, which was short enough to ensure that the wake was purely periodic, allowing standard Floquet stability analysis to be performed. Increasing the outflow length, especially for the lower-aspect-ratio cases, allows the wake to undergo secondary transition further downstream with a different frequency than the near-wake shedding frequency. This is discussed in detail later in the paper. For the zero-thickness flat plate, the initial transition is to a complex Floquet mode, meaning that the frequency of the mode is different from the wake frequency. This mode was previously identified in Thompson et al. (2006b) . It becomes unstable at Re c 116 for a spanwise wavelength of λ c 5.0D. The critical Reynolds number given here is slightly higher than that suggested in Thompson et al. (2006b) of Re c = 105-110. In that study, a short outflow length was used to enforce exact wake periodicity, by preventing the transition to secondary shedding further downstream. That seems to have had the effect of reducing the critical Reynolds number slightly. For the case here, a longer domain is used, with an outflow length of 50D. This causes the wake velocity signal to no longer be strictly periodic even in the near wake. Given this, Floquet stability analysis cannot be strictly applied; however, it can be applied in an approximate sense by determining the growth multipliers over the average period. Taking the Re = 120 case as an example, the measured period at x = 1.5D downstream on the centreline varies by approximately 0.3 % between approximately 7.17 and 7.19 over different periods. This is due to the downstream transition to a secondary shedding mode having an upstream effect on the near wake. As well as using the average near-wake period, it is also necessary to restrict the analysis by only taking account of the fields in the near wake, and not including the downstream wake where secondary transition has already occurred, to compute the (pseudo-)Floquet multipliers (see figure 15a ). This procedure resulted in the computation of Floquet multipliers that typically varied by less than 0.1 % from cycle to cycle. The streamwise perturbation vorticity field for this mode is shown in figure 15(b) , demonstrating that the perturbation field structure is quite different to mode A. 3.9. Three-dimensionality past transition Decreasing the aspect ratio results in progressively more rapid downstream transition to the two-layered vortex street. For the Ar = 0.25 aspect ratio cylinder, mode A initially becomes unstable at Re = 88; however, the mode is no longer unstable beyond Re 120-125. Figure 16 shows the streamwise perturbation vorticity field at Re = 120 for λ = 4.6D. At this point it is still unstable with a Floquet multiplier of 1.04, but this drops to 0.91 by Re = 130. Comparing this image with those in figure 14 indicates that the wake undergoes a rapid transition to a two-layered wake close to the back of the cylinder. As this transition migrates upstream with increasing Reynolds number, the development of the mode A instability is suppressed. This is similar to the situation with the flat plate shown in figure 15(a) , where mode A does not became unstable at all. Hence, at least in the near wake, there is a transition from a three-dimensional wake back to a two-dimensional wake. This ties in very well with the experimental result from figure 12, which shows that the Strouhal number curve beyond Re = 120 obtained from experiments (Radi et al. 2013 ) tracks the two-dimensional numerical prediction closely. Experimental flow visualisations also show that three-dimensionality in the near wake is suppressed at these Reynolds numbers, whilst the near wake is clearly three-dimensional at lower Reynolds numbers (Radi et al. 2013) .
For Ar = 0.25, the wake remains two-dimensional beyond Re = 125 until another mode becomes unstable at Re = 185 (see table 3 ). The streamwise vorticity perturbation contours for that mode are shown in figure 17(b) and the spanwise contours in figure 17(c) . The spatiotemporal symmetry is the same as mode A but the near wake and mode structure within the two-layered wake vortices are different. In particular, the spanwise vorticity contours show the characteristics of elliptic instability in these vortices, with a radial mode number of two, i.e. two radial nodes TABLE 3 . Critical Reynolds numbers and corresponding wavelengths for the initial quasi-periodic mode QP transition, and also mode AA transition, for small-aspect-ratio cylinders.
(a)
FIGURE 18. Wake vorticity structure for a flat plate, highlighted using the criterion of Jeong & Hussain (1995) with λ 2 = −0.2 from full three-dimensional simulations. Span shown is 16D, using 128 Fourier planes: (a) Re = 140; (b) Re = 180.
in the perturbation field. (For mode A for Ar = 0.25 shown in figure 16 , the radial mode number in the two-layer wake vortices is one.) This is consistent with the much shorter preferred wavelength of this new mode of λ = 1.3D at onset. Interestingly, the equivalent mode is observed for the flat plate wake. This mode becomes unstable at Re = 141 (see table 3 ), and has a spanwise wavelength of 2.1D. Note that this is a higher critical Reynolds number than reported previously (Thompson et al. 2006b ), again because of the stronger influence of a shorter outflow length than expected, as discussed previously. The preferred wavelength at onset is considerably larger than that for the Ar = 0.25 cylinder of 1.3D. However, this appears consistent with the larger size of the wake vortices for the flat plate, as can be seen in figure 17(a,b) . For the flat plate, the quasi-periodic mode remains unstable for this Reynolds number, and remains so for higher Reynolds numbers. Hence, the flat plate wake does not return from a three-dimensional state to a two-dimensional state as the Reynolds number is increased. Figure 18 shows isosurface visualisations from full three-dimensional simulations of the flat plate wake at Re = 140 (a) and Re = 180 (b). The isosurfaces correspond to λ 2 = −0.2 using the method of Jeong & Hussain (1995) . It shows that increasing distortion of the spanwise vortical structures with increasing Reynolds number, and the increasing dominance of streamwise vortices. The transition to a saturated threedimensional wake increases the Strouhal number considerably: for Re = 140, St 2D 0.138 and St 3D 0.142; and for Re = 180, St 2D 0.136 and St 3D 0.151. Again, this is consistent with the experimentally observed Strouhal number increase for a finitethickness flat plate shown in figure 12 . Figures 3 and 4 show that these cylinder wakes can undergo various transitions as they advect downstream. For example, the wake for the Ar = 0.25 cylinder at Re = 150 shows the classical BvK wake very close to its base which rapidly undergoes transition to the two-layered wake within a few diameters. Further downstream, the two-layered wake becomes unstable and effectively sheds vortices forming a secondary vortex street at a lower frequency. That wake state develops a visible spatial oscillation, with a period approximately three times the second shedding frequency. Thus, there are at least three frequencies that dominate the wake over different spatial ranges. Note that the wake state shown in the image varies slowly over time, because the primary and secondary shedding frequency are not multiples, as is shown below. Of interest, the stability analysis of previous sections shows that the near wake is stable to three-dimensional perturbations in this Reynolds number range.
DMD of wakes
An analysis using DMD is warranted because of the different frequencies involved with the different spatial ranges of the wake. This was done using a sequence of 100 velocity fields separated by 0.5 time units to extract approximations to the Koopman modes, i.e. the Ritz vectors (Rowley et al. 2009; Schmid 2010 Schmid , 2011 . The frequency spectrum corresponding to the Ritz (eigen)values is shown in figure 19 . The grey bar at zero frequency (f 0 ) corresponds to the mean mode. The black bars (f 1 (St = 0.163)) correspond to the near-wake shedding and its harmonics, the downward striped bars (f 2 (St = 0.069)) correspond to the secondary shedding mode and its harmonics, and the upward striped bar (f 3 (St = 0.024)) is associated with the meandering of the secondary wake towards the downstream end of the domain. In addition, the crosshashed bar is associated with the frequency difference f 2 − f 3 .
Reconstruction of the initial velocity field from the Ritz vectors is shown in figure 20 . The top image shows spanwise vorticity for the first velocity field of the set. Figure 20(b) shows the zero-frequency ( f 0 ) mode corresponding to the time mean vorticity field. Below this, figure 20(c) shows the DMD reconstruction just using the modes with frequency f 0 + f 1 + 2f 1 + 3f 1 + 4f 1 + 5f 1 , i.e. the mean field together with the near-wake mode and its harmonics. This mode is localised in the ; (c) reconstruction of the near wake (f 0 + f 1 + 2f 1 + 3f 1 + 4f 1 + 5f 1 ); (d) reconstruction of secondary wake ( f 0 + f 2 + 2f 2 + 3f 2 + 4f 2 + 5f 2 ); (e) low-order reconstruction of the meandering secondary wake (
See the text for further details. near wake, as expected, and duplicates the actual vorticity field there extremely well. The next image, figure 20(d), shows a reconstruction using modes corresponding to frequencies f 0 + f 2 , which captures the secondary wake further downstream. This shows (near-)zero oscillation amplitude in the near wake, where the BvK and two-layered wakes reside. It persists further downstream, although weakened, to enable reconstruction of the meandering secondary wake state. The penultimate image corresponds to a reconstruction based on f 0 + f 2 + f 3 + (f 2 − f 3 ), i.e. the mean field together with the secondary wake mode, the lower-frequency meandering mode and the difference between them. This reconstructs the meandering secondary wake towards the end of the domain particular well, although near the secondary transition the vortices are rather diffuse. The final image (figure 20f ) is a reconstruction based on that combination together with the harmonics of the secondary wake mode (f 0 + f 2 + f 3 + (f 2 − f 3 ) + 2f 2 + 3f 2 + 4f 2 + 5f 2 ). This captures the wake downstream from the development of secondary shedding. From the vorticity field shown in figure 20(a) , the secondary wake develops from merging of the upstream two-layer vortices while those latter vortices are still distinct, i.e. before those vortices have diffused to produce a locally time-independent wake. However, despite this, the ratio of the frequencies of the primary to secondary wake is not an integer, as it would be if the secondary wake vortices structures were obtained from direct merging of the primary two-layer vortices. This ratio is St 1 /St 2 = 0.163/0.069 = 2.36. In addition, the ratio of the secondary wake frequency to the meandering frequency is St 2 /St 3 = 0.069/0.024 = 2.87, again not an integer, but still close to 3 so that the meandering wavelength seems to be associated with groups of 3 vortices from the secondary wake. The upshot of this is that the wake snapshot shown in figure 20(a) is not representative of all times, but changes slowly with time. For instance, figure 21 shows the wake at a number of different times. The first two images ((a) and (b)) show the wake approximately one meandering period apart. Indeed, these two wakes appear almost visually identical. The next image (c) shows that DMD reconstruction using all of the modes for the same time, which verifies that the reconstruction faithfully reproduces the actual velocity field. The next image (d) shows the wake at another two meandering periods later from direct simulations, which is well past the end time of the set of velocity fields used for the DMD analysis. This wake looks considerably different for the initial part of the secondary wake. Reconstruction of the wake through extrapolation up to this time using all of the DMD modes, i.e. extrapolating to non-dimensional time t = 129 with DMD analysis based on the time interval t 49.5, is shown in the last image (e). This captures the near wake accurately and the far wake meandering reasonably well. It is less representative over the intermediate range downstream of where the secondary shedding starts.
It is interesting to see how many modes are required to capture the near-wake accurately. This is shown in figure 22 . The top image shows the original vorticity field. The next five images shows a reconstruction using the mean mode and mode f 1 together with zero to four harmonics of f 1 . Clearly most of the detail is accurately captured with just the first mode. Adding the next two harmonics improves the fidelity substantially, especially over the very near wake. The addition of four harmonics produces an image that is almost visually identical to the original, except for a very small amount of noise close to the forming vortex.
Finally, DMD is used to examine the differences in the wake structure between twoand three-dimensional simulations for the flat plate wake. The wake was examined at Re = 140 and 180 corresponding to the three-dimensional simulations of figure 18. In each case, 100 snapshots were used for the reconstruction spaced at 0.61 time FIGURE 22. (Colour online) Reconstruction of the near wake using DMD modes. The top image shows the wake at zero time. The following images shows the near wake reconstruction based on the mean field together with mode f 1 and zero to four harmonics: (a) full field; (b) mode f 1 ; (c) modes f 1 + 2f 1 ; (d) modes f 1 + 2f 1 + 3f 1 ; (e) modes f 1 + 2f 1 + 3f 1 + 4f 1 ; (f ) modes f 1 + 2f 1 + 3f 1 + 4f 1 + 5f 1 . units apart. The spanwise-averaged velocity was used for the analysis based on the three-dimensional simulations. Figure 23 shows the change to the mean centreline velocity determined from the mean DMD mode. At Re = 140, there is only a minor change to the near-wake centreline velocity variation between the two-and three-dimensional simulations. For the two-dimensional case, the velocity is close to zero up to x/D 17 downstream, while the three-dimensional result shows a velocity of considerably less than 10 % of the background velocity over the similar range. Further downstream, unsurprisingly, the two-dimensional velocity recovers towards the free-stream value considerably faster. The higher-Reynolds-number results are considerably different. The flow reversal is not observed in the three-dimensional case, and indeed the velocity recovery in the three-dimensional case is rapid. These observations are in accord with the DMD reconstructions shown at the right. They show the near-wake structure using the mean mode together with the DMD mode with the near-wake frequency and its first four harmonics. At the lower Reynolds number of Re = 140, even though transition occurs at Re = 116, the two-and three-dimensional solution-based reconstructions are very similar, indicating that the mean distortion of Reconstruction of the near-wake vorticity field from DMD modes. The mean mode and the mode corresponding to the near-wake frequency, together with its first four harmonics, are used for the reconstruction. The top image of each set uses the two-dimensional fields and the lower one uses the three-dimensional simulation fields. Again, the upper and lower image sets correspond to Re = 140 and Re = 180, respectively. the two-dimensional vortex rollers is little affected by the three-dimensionality of the wake. This is not true at the higher Reynolds number of Re = 180, where is it clear that the three-dimensional reconstruction shows diffuse near-wake vortices relative to the compact two-dimensional wake vortices. This is consistent with the stronger induced roller distortion in the near wake at the higher Reynolds number.
Fourier analysis of centreline velocity
The dominant wake frequencies were further analysed using standard Fourier analysis of the cross-stream velocity along the wake centreline. For the same case as examined above for the DMD analysis, i.e. Ar = 0.25, Re = 150, figure 24(a) shows the spectral power of the cross-stream velocity component at various downstream distances. This is summarised in figure 24(b) which shows the dominant frequency components as a function of downstream distance. The velocity was sampled at t = 0.01 time units to produce N = 2 17 = 131 072 measurements. This set was then processed using a fast Fourier transform (FFT) to produce these plots. This gives a frequency resolution of St = 2/(N t) = 0.0015, with the data set consisting of more than 200 near-wake shedding cycles. The principal peaks corresponding to the near-wake, secondary wake and meandering frequencies (St 1 = 0.1630, St 2 = 0.0689, St 3 = 0.0251) match those found from the 100 sample DMD analysis (0.1626, 0.0689, 0.0243, respectively) to within the frequency resolution of the Fourier analysis. The transition from the near wake to the secondary wake is further quantified in figure 25 . The left-hand figure shows the variation of the near-and secondary-wake frequencies as a function of Reynolds number. For lower Reynolds number, the secondary frequency is less than half of the near-wake frequency. The ratio is close to 2 for Re 170. Thus, again, it is clear that the secondary wake does not result from direct merging of a discrete number of near-wake vortices. At higher Reynolds numbers, for example Re = 160, the secondary wake vortices merge further downstream resulting in a lowering of the dominant wake frequency from St = 0.0733 to St = 0.0565. This occurs a long way downstream at x/D 250. The transition from the near wake to the secondary wake occurs progressively closer to the cylinder. It is quantified in figure 25 as the position where the spectral power corresponding to the near-and secondary-wake frequencies are equal.
Conclusions
The critical Reynolds numbers and Strouhal frequencies for the initial transition to unsteady periodic flow have been accurately determined for elliptical cylinders of different aspect ratios. These results correlate well with previous studies when the effects of blockage of previous studies are taken into account. The two-dimensional simulations spanned Reynolds numbers up to 200, corresponding to the upper limit of two-dimensional shedding for the circular cylinder. This produces a rich variety of wake states. As the aspect ratio is lowered and the Reynolds number is increased, the wake undergoes a series of changes that are not normally seen with the circular cylinder wake. In the most extreme cases, the near-wake BvK shedding rapidly shifts to a two-layered structure within a few diameters downstream. Further downstream, the two-layered wake can become unstable, with an oscillation developing and a secondary aligned vortex street the result. This may form either downstream of where the two-layered vortices diffuse and merge due to a hydrodynamic instability (Durgin & Karlsson 1971) to reach a time-independent state, or prior to this, when the two-layered vortices are still discrete. In either case, the near-wake and secondary-wake frequencies are not commensurate so that the secondary-wake vortices are not the result of merging of a discrete number of two-layer vortices. The secondary wake initially takes the form of a typical BvK vortex street, but as the Reynolds number is increased, that street develops (near-)periodic oscillations and even chaotic behaviour with further merging of vortices, the formation of identifiable vortex pairs and substantial increases in the wake width. It is clear that decreasing the aspect ratio results in a substantial increase in the circulation feeding into the wake, due to the increased speed up of the flow as it passes around the top of the cylinder. For a flat plate, this circulation is approximately a factor of two greater than for a circular cylinder at Re = 200, hence the wake vortices are stronger and also larger.
The centreline wake deficit variation with Reynolds number has also been quantified. The downstream variation is surprisingly different from that of a circular cylinder once the two-layer wake develops. This leads to a very low mean velocity due to the combined influence of the offset negative and positive lines of vortices. Even for the Ar = 0.5 cylinder, the mean centreline velocity is close to zero downstream to approximately 20 diameters. For the flat plate at Re = 150 and above, there is a significant reverse flow further downstream from the immediate near wake (as was observed by Saha (2013) ).
The Strouhal/Reynolds number variations from the two-dimensional simulations are quantified. These show a considerably more complex behaviour than that for a circular cylinder. The agreement with experimental results is favourable, when the flow is not three-dimensional. The onset of three-dimensional flow is also predicted. In this case, decreasing the aspect ratio decreases the Reynolds number at which the BvK near wake undergoes downstream transition to the two-layered wake. This strongly affects the transition scenario. For aspect ratios of 0.5 and above, the initial transition is equivalent to the mode A transition for a circular cylinder, even though the critical Reynolds number decreases substantially as the aspect ratio decreases. At Ar = 0.25, the initial transition is also similar to mode A. The critical Reynolds number is approximately 88. However, increasing the Reynolds number leads to such a change in the two-dimensional wake structure that mode A is no longer unstable beyond Re 125. Thus, at least the near-wake returns to a two-dimensional state. This two-dimensional state remains stable until Re = 185, when another three-dimensional mode with the same spatiotemporal symmetry as mode A but a much shorter wavelength (λ = 1.3D) becomes unstable. However, the wake shows little resemblance to a classical BvK vortex street at this Reynolds number. For the flat plate, the transition to the two-layered wake state occurs at an even lower Reynolds number. This seems to prevent mode A becoming unstable at all. Instead, at Re = 116, a quasi-periodic three-dimensional mode becomes unstable, and at Re = 141 another mode which has the same period as the base flow also becomes unstable. This second mode appears to be equivalent to the mode causing the second three-dimensional transition for the Ar = 0.25 cylinder. Three-dimensional simulations at Re = 140 and Re = 180 confirm the three-dimensional nature of the wake at these Reynolds numbers and show that the major distortion of the two-dimensional vortex rollers occurs towards the end of the two-layered wake region. The three-dimensional wake has a higher Strouhal number than its two-dimensional counterpart.
DMD was also applied to the Ar = 0.25 wake at Re = 150. This case corresponds to when the wake shows quite distinct temporal behaviours over different spatial ranges. The analysis using only a short time sequence of 100 snapshots was able to extract the spatially localised wake components together with accurate determination of their corresponding frequencies. Those frequencies agree with the dominant frequencies obtained from Fourier analysis of the cross-stream velocity on the centreline using much longer and finer temporal data sets. The DMD analysis allows an accurate reconstruction of the wake state at any time using just the dominant modes and their harmonics.
